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Abst ract - -The  generalized Lidnard equations of the form: 
:~ = h(y) - F (x ) ,  9 = -g (x ) ,  
where F, g, and h are polynomials, are examined. It has been found that the results given by Blows, 
Lloyd and Lynch [1-5] for Li~nard equations hold also for the generalized systems. A new result is 
also presented within this article. 
geywords - -L i~nard  equations, Limit cycles, Bifurcations. 
In recent years, there has been intensive study on the bifurcations of limit cycles in planar 
polynomial vector fields. Systems of physical interest have been studied using this theory since the 
early investigations of H. Poincar& There are two basic types of bifurcations: global bifurcations 
and local bifurcations. In a survey article, Blows and Perko [6] discuss global bifurcations from 
centres and separatrix cycles of planar analytic systems. Some bifurcations of limit cycles at 
infinity are studied for polynomial vector fields with no singular points at infinity by Blows and 
Rousseau [7]. The study of Li~nard equations of the form: 
= y - F (x ) ,  = (1 )  
has proved very useful in the investigation of limit cycles of planar systems. The theory appears 
extensively in the literature and has proved particularly u~eful when showing the existence, 
uniqueness, and hyberbolicity of a limit cycle. During the last twenty years, many papers have 
appeared when considering numbers of limit cycles of system (1). By considering the system 
with g(x) = x, Lins et al. [8] showed that if M = 2m + 1 or 2m + 2 and p < m, then there are 
polynomials F of degree M such that (1) has exactly p limit cycles. They also conjectured that 
there can be no more than m limit cycles. They showed that the conjecture is true if the degree 
of F is three, and Zeng [9] has proven that it holds in several cases when the degree of F is four. 
When the degree of F is five, Rychkov [10] showed that there are no more than two limit cycles 
if F is odd. When the degrees of F and g are both quadratic, Dumortier and Roussarie [11] have 
shown that there is at most one limit cycle. They also adduce that there is strong evidence to 
suggest hat there is no more than one limit cycle when the degree of F is two and the degree 
of g is three. There have been relatively few results for the generalized Li~nard system; see Zeng 
et al. [12], for example. Many mathematicians have investigated the algebraicity of limit cycles, 
most of them either Russian or Chinese; Odani [13] is the first to give a concrete xample of a 
nonalgebraic limit cycle. 
The work presented here is concerned with local bifurcations; bounds are obtained on the max- 
imum possible number of limit cycles of small amplitude for the generalized Li~nard equations. 
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These are equations of the form: 
2 = h(y) -F (x ) ,  y = -g (x ) ,  (2) 
where h(y) = y + c2y 2 + c3y 3 T . . .  + cLy L, F (x )  = a lx  + a2x 2 + a3 x3 + . ' .  + aM xM,  and 
9(x)  = x --b b2x 2 4- b3x 3 -t- . . .  -t- bNXN; L, M ,  and N are natural numbers. Many of the recent 
results on polynomial systems have been obtained by bifurcating small-amplitude limit cycles, 
from critical points, by perturbations of the coefficients arising in the differential equations. This 
is particularly true for Lidnard systems; see [1-5,14], for example. All of these results are local, 
since the limit cycles appear in a smM1 neighbourhood around the critical point. The author 
has recently shown that the results given in [1-5] for system (1) also hold for the generalized 
system (2) when the degree of h is greater than one. The methods of proof, for 1-6 below, are 
similar to those appearing in [1] and [2], but more terms are involved. 
Let / : /be  the maximum number of small-amplitude limit cycles that can bifurcate from the 
origin, and let 0 denote the degree of a polynomial. Suppose that Oh > 1. The following results 
have been proven for system (2): 
1. I f0g=land0F=2m+lor2m+2,  then/ : /=m.  
2. If g is odd and OF = 2m + 1 or 2m + 2, then / : /=  m. 
3. If OF = 2 and Og = 2n or 2n + 1, then/2/= n. 
4. If F is odd, OF = 2m + 1, then/~ = m, whatever g is. 
5. If F is even, OF = 2m + 2 and Og - 2, then/~ = m. 
6. If F is even, OF = 2m + 2 and 0g = 2n + 2 or 2n + 3, then/~ = max(m, n). 
The author has recently obtained the following result using similar arguments to those appearing 
in [2]. This is a new result: 
7. If OF = 3, g(x)  = x + ge(x), where ge is even and Og = 2n, then/~ = n. 
Complementing these results is the calculation of/?/when F and g are of specified egrees and 
Oh > 1. The results are presented in Table 1, which has been updated since appearing in [3-5]. 
Table 1. The values of/:/for varying degrees of F and g when Oh ~_ 1. 
Degree 
of F 
14 
13 
12 
i i  
I0 
9 
8 
7 
6 
5 
4 
3 
2 
6 8 
5 7 
5 7 
4 6 8 
4 5 8 
3 5 6 
3 4 6 8 
2 3 4 6 
2 3 4 4 
1 2 2 4 
1 1 2 3 
0 1 1 2 
1 2 3 4 
8 
6 8 
4 6 6 8 
3 4 5 5 
2 3 3 4 
5 6 7 8 
Degree of g 
7 7 8 
5 5 6 
10 11 12 13 
The question of the relationship between local and global results for these systems is still open 
and of considerable interest. 
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